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Abstract 



^ ■ In this paper, we study the Einstein multiply warped products with a semi- 

/** N | symmetric non-metric connection and the multiply warped products with a semi- 

symmetric non-metric connection with constant scalar curvature, we apply our 
results to generalized Robertson- Walker spacetimes with a semi-symmetric non- 
metric connection and generalized Kasner spacetimes with a semi-symmetric non- 
metric connection and find some new examples of Einstein affine manifolds and 
affine manifolds with constant scalar curvature. We also consider the multiply 
warped products with an affine connection with a zero torsion. 
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. 1 Introduction 

<N 

The (singly) warped product B x^F of two pseudo-Riemannian manifolds (B,gs) 
and (F,gp) with a smooth function b : B — >• (0, oo) is the product manifold B x F 
with the metric tensor g = gs © b 2 gF- Here, (B,gs) is called the base manifold 
and (F,gp) is called as the fiber manifold and b is called as the warping function. 
Generalized Robertson- Walker space-times and standard static space-times are two 
well-known warped product spaces. The concept of warped products was first intro- 
duced by Bishop and ONeil (see [BO]) to construct examples of Riemannian mani- 
folds with negative curvature. In Riemannian geometry, warped product manifolds 
and their generic forms have been used to construct new examples with interesting 
curvature properties since then. In [DD], F. Dobarro and E. Dozo had studied from 
the viewpoint of partial differential equations and variational methods, the problem 
of showing when a Riemannian metric of constant scalar curvature can be produced 
on a product manifolds by a warped product construction. In [EJK], Ehrlich, Jung 
and Kim got explicit solutions to warping function to have a constant scalar curvature 
for generalized Robertson- Walker space-times. In [ARS], explicit solutions were also 
obtained for the warping function to make the space-time as Einstein when the fiber 
is also Einstein. 
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One can generalize singly warped products to multiply warped products. Briefly, 
a multiply warped product (M,g) is a product manifold of form M = B x^ F\ x& 2 
F2 ■ ■ ■ x& m F m with the metric g = gs ® b\g Fl © b\g F ^ ■ ■ ■ © b 2 m g Fm , where for each 
i G {1, ■ ■ ■ , m}, bj : S — ► (0, 00) is smooth and (Fj, y_pj is a pseudo-Riemannian man- 
ifold. In particular, when £> = (c, d) with the negative definite metric gs = —dt 2 and 
(Fi,gFi) is a Riemannian manifold, we call M as the multiply generalized Robertson- 
Walker space-time. In [DU], Dobarro and Unal studied Ricci-flat and Einstein- 
Lorentzian multiply warped products and considered the case of having constant 
scalar curvature for multiply warped products and applied their results to general- 
ized Kasner space-times. 

Singly warped products have a natural generalization. A twisted product (M, g) is 
a product manifold of form M = B X{,F, with a smooth function b : B x F — > (0, 00), 
and the metric tensor g = gs © b 2 g F . In [FGKU], they showed that mixed Ricci- 
flat twisted products could be expressed as warped products. As a consequence, 
any Einstein twisted products are warped products. In [Wa], we define the mul- 
tiply twisted products as generalizations of multiply warped products and twisted 
products. A multiply twisted product (M, g) is a product manifold of form M = 
B x 6l Fi x b , 2 F 2 ■ ■ ■ x bm F m with the metric g = g B ® b\g Fl © b\gp 2 • • • © b 2 n g Fm , where 
for each i G {1, ■ ■ ■ , m}, b, : B x Fi — > (0, 00) is smooth. 

The definition of a semi-symmetric metric connection was given by H. Hay den 
in [Ha]. In 1970, K. Yano [Ya] considered a semi-symmetric metric connection and 
studied some of its properties. He proved that a Riemannian manifold admitting the 
semi-symmetric metric connection has vanishing curvature tensor if and only if it is 
conformally flat. Motivated by the Yano' result, in [SOI], Sular and Ozgur studied 
warped product manifolds with a semi-symmetric metric connection, they computed 
curvature of semi-symmetric metric connection and considered Einstein warped prod- 
uct manifolds with a semi-symmetric metric connection. In [Wa] , we considered mul- 
tiply twisted products with a semi-symmetric metric connection and computed the 
curvature of a semi-symmetric metric connection. We showed that mixed Ricci-flat 
multiply twisted products with a semi-symmetric metric connection can be expressed 
as multiply warped products which generalizes the result in [FGKU] . We also studied 
the Einstein multiply warped products with a semi-symmetric metric connection and 
multiply warped products with a semi-symmetric metric connection with constant 
scalar curvature, we applied our results to generalized Robertson- Walker spacetimes 
with a semi-symmetric metric connection and generalized Kasner spacetimes with 
a semi-symmetric metric connection and we found some new examples of Einstein 
affine manifolds and affine manifolds with constant scalar curvature. We also classi- 
fied generalized Einstein Robertson- Walker spacetimes with a semi-symmetric metric 
connection and generalized Einstein Kasner spacetimes with a semi-symmetric met- 
ric connection. In [AC1,2], Agashe and Chafle introduced the notation of a semi- 
symmetric metric connection and studied some of its properties and submanifolds 
of a Riemannian manifold with semi-symmetric non-metric connections. In [S02], 
they studied warped product manifolds with a semi-symmetric non-metric connec- 
tion. The purpose of this paper is to study the Einstein multiply warped products 
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with a semi-symmetric non-metric connection and multiply warped products with a 
semi-symmetric non-metric connection with constant scalar curvature. 

This paper is arranged as follows: In Section 2, we compute curvature of multi- 
ply twisted products with a semi-symmetric non-metric connection. In Section 3, we 
study the special multiply warped products with a semi-symmetric non-metric con- 
nection. In Section 4, we study the generalized Robertson- Walker spacetimes with 
a semi-symmetric non-metric connection. In Section 5, we consider the generalized 
Kasner spacetimes with a semi-symmetric non-metric connection. In Section 6, we 
compute curvature of multiply twisted products with an affine connection with a zero 
torsion. 



2 Preliminaries 

Definition 2.1 A multiply twisted product (M,g) is a product manifold of form 
M = B x bl Fi x b2 F 2 ■ ■ ■ x bm F rn with the metric g = g B @ b\g Fl b\g F2 ■ ■ ■ b 2 m g Fm , 
where for each i G {1, • • • , m}, hi : B x Fi — > (0, oo) is smooth. 

Here, (B, gs) is called the base manifold and (Fi, g Fi ) is called as the fiber manifold 
and hi is called as the twisted function. Obviously, twisted products and multiply 
warped products are the special cases of multiply twisted products. 

Let M be a Riemannian manifold with Riemannian metric g. A linear connection 
V on a Riemannian manifold M is called a semi-symmetric connection if the torsion 
tensor T of the connection V 

T(X,Y) = x7 x Y-x7 Y X-[X,Y] (2.1) 

satisfies 

T(X,Y) = 7r(Y)X-7r(X)Y, (2.2) 

where ir is a 1-form associated with the vector field P on M defined by tt(X) = 
g(X.P). V is called a semi- symmetric metric connection if it satisfies Vg = 0. V is 
called a semi-symmetric non-metric connection if it satisfies Vg / 0. 

If V is the Levi-Civita connection of M, the semi-symmetric non-metric connec- 
tion V is given by 

V X Y = V X Y + n(Y)X, (2.3) 

(see [AC1]). Let R and R be the curvature tensors of V and V respectively. Then R 
and R are related by 

R(X,Y)Z = R(X,Y)Z+g(Z,V x P)Y-g(Z,V Y P)X+n(Z)[ir(Y)X-ir(X)Y], (2.4) 

for any vector fields X,Y,Z on M [AC1]. By (2.3) and Proposition 2.2 in [Wa], we 
have 

Proposition 2.2 Let M = B x bl F\ x b2 F2 ■ ■ ■ x bm F m be a multiply twisted product 
and let X,Y G F(TB) and U G r(Ti^), W G T(TFj) and P G F(TB) . Then 
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(1) V_xY = V B x Y. 

(2) V X U=^U. 

(3) Y_uX = [^+tt{X)]U. 

(4) VuW = ifi^j. 

(5) VuW = U{\nb i )W+W(]nb i )U- 9Fii ^ W) gcad F .b i -b i g Fi (U, W)gv a d B b l +V^W if i = 
3- 

Proposition 2.3 Let M = B F\ x& 2 F2 ■ ■ ■ x& m F m 6e o multiply twisted product 
and let X,Y G r(TB) and 17 G r(Ti^), W G T(TFj) and P G r(TF fc ) . Then 

(1) v x r = vfy. 

(2) \7 X U = ^U + g(P,U)X. 

(3) V c/ X = ^[7. 

(4) V c/ ^ = ff (W r ,P)C7 ifi^j. 

(5) = t7(M i )W+W(liib i )E/- 9Fi f' W) &ad Fi bi-big Fi (U, W)gtad B bi + V$W+ 
tt{W)U if i = j. 

By (2.4) and Proposition 2.4 in [Wa], we have 

Proposition 2.4 Let M = B F\ Xft 2 F2 • • ■Xb m F m be a multiply twisted product and 
let X,Y,Z G r(TB) and V G r(Ti^), W G r(TFj), [7 G F(TF k ) and P G T(TB). 
Then 

(1)R(X, Y)Z = R B (X, Y)Z. 

{2)R{V,X)Y = - ^n + gi Y^ xP )-^ X )^{Y) V. 

(S)R(X, V)W = R{V, W)X = R{V, X)W = 0if i + j. 
{4)Ti(X,Y)V = 0. 

(5)22(V, W)X = VX(lnbi)W - WX(lnbi)V if i = j. 
{6)R(V, W)U = if i = j / k or i / j / k. 

(7) R(U, V)W = -g(V, W yB(^d B b^d B b k) u _ g(y ^ w) PMu , if i = j ^ k. 

(8) R(X, V)W = \WX(\nbi)]V-g(W, V)- [ Yilgg^) + gj^M + PM^j ^ . = 
j- 

(9) R(U,V)W = g(U,W)giad B {V(\nbi)) - g(V, W)&ad B (UQnbi)) + i^(*7,F)W - 
( lsr y» + ™) k(V, W)U - g(U, W)V] ifi = j = k. 

Proposition 2.5 Let M = B x ^ Fi x 5 2 F2 • • • x b m F m be a multiply twisted product and 
let X,Y,Z G F(TB) and V G T{TFi), W G r(TFj), U G r(TF fc ) and P G T(TFi). 
Then 

(1) R(X,Y)Z = R B (X,Y)Z. 

(2) R(V,X)Y = - ^ ( b f' Y V i/ i / J 

(3) p(y,x)y = - h b[ x ^ v - tt{v)^x if i = i 
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^7T(W)V if i / j. 



(4) R(X,V)W - ^ 

(5) R(V, W)X = -Si^X(b t )W + S^X{bj)V if i + j. 

(6) R(X, Y)V = tt{V) - ^X . 

(7) R(V,W)X = VX(\nbi)W - WX{\nbi)V - S\^-[ir(V)W - tt(W)V] if i = j. 

(8) R(V, W)U = if i = j / k or i + j / k. 

(9) R(U,V)W = -g(V,W) 9Bigrad %Y radBbk) U-g(W^ if i = 

(10) R(X,V)W = [WX(\nbi)]V - g(W,V) 
^^tt(W)V - g(W, V V P)X + 7t(V)7t(W)X if i 



Vf (grad s 6;) 



gradpJXhibJgnWV) + 



J- 



(U)R(U,V)W = g(U, W)&ad B (V(M>i)) - g(V, W)grad B (UQnbi)) + R F *(U,V)W 



\grad B bj\ B 



(g(V, W)U - g(U, W)V) ifi = j = k^l. 



(12)R(U, V)W = g(U, W)gr&d B (V(lnbi)) - g(V, W)gvad B (U{lnbi)) + R Fi {U,V)W - 
|grad | b ^ (g(V,W)U - g(U,W)V) + g{W,V v P)V - g(W,V v P)U + tt(W)[tt(V)U - 
7r{U)V] if i = j = k = l. 

By proposition 2.4 and 2.5, we have 



Proposition 2.6 Let M = B F\ Xb 2 F2 ■ ■ ■ x& m F rn be a multiply twisted product 
and let X,Y,Z G T(TB) and V G T(TFi), W G T(TF-) and P G T(TB). Then 



(l)Ric(X, Y) = Ric (X, Y) + YZi U 



H B HX,Y) 



+ g(Y,VxP)-n(X)iT(Y) 



(2)Ric(X, V) = Rjc(V, X) = (U 
{Z)Wc(V,W) = Qif i^j. 

(4)R3c(V, W) = Ric Fl (y, W) + 



- l)[VX(lnbi)]. 



1 v jgraxdefeill , ^ 
l > h? h 



g B ( grad B fe i ,grad B fe j ) 



+Er=i^?+(«-i)^j^,w) */ 

where dimi? = n, dimM = n. 
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Corollary 2.7 Let M = B Fx Xj 2 i*2 ■ ■ ■ x 6 m fre a multiply twisted product and 
dimFj > 1 and P G T(TB), then (M, V) is mixed Ricci-flat if and only if M can be 
expressed as a multiply warped product. In particular, if (M, V) is Einstein, then M 
can be expressed as a multiply warped product. 



Proposition 2.8 Let M = B x^ F\ x& 2 F2 ■ ■ ■ Xf> m F m be a multiply twisted product 
and let X,Y,Z G T(TB) and V G T(TFi), W G T(TFj) and P G T(TF r ). Then 

(1) Wc(X, Y) = mc B (X, Y) + YZi k^ET^ 1 - 

(2) mc(X,V) = (k - l)\VXQnbi)] + (n- I)^tt(F). 

(3) Ric(y,X) = (/, - l)[yX(ln6,)] + (l-n)^Tr(F). 

(3) Ric(V, = i/ i ^ j. 

(4) Rac(V, PV) = Ric Fl (y, W) 



1/7 ^ |grad B bj|| ^ , g B (grad B fci,grad B &j) 
+ l*i - 1J + l^jjH lj ^ 



+ 
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(n - l)g(W, V V P) + (1 - n)ir(V)ir(W) if i = j, 



Corollary 2.9 Let M = B x^ F\ x b2 F2 ■ ■ ■ X\, m F m be a multiply twisted product and 
dimFj > 1 and P G r(TF r ) ; £/ien (M, V) is mixed Ricci-flat if and only if M can be 
expressed as a multiply warped product and b r is only dependent on F r . In particular, 
if (M, V) is Einstein, then M can be expressed as a multiply warped product. 

Proposition 2.10 Let M = B F\ x^ 2 F2 ■ ■ ■ x& m F m be a multiply twisted product 
and P G F(TB), then the scalar curvature S has the following expression: 

i=i ° l i=i °* i=i °* 

+ E E ^ / g(srad f r sradg6j) + (n - 1) E ^ 

i=l J «=1 

+ E E -r 2 + E ^ t div * p - < p )\ • ( 2 - 5 ) 
i=i j=i i=i 



Proposition 2.11 Let M = B x bl F\ x b2 F2 ■ ■ ■ Xf) m F m be a multiply twisted product 
and P G T(TF r ), then the scalar curvature S has the following expression: 

m 1 m <J F i m ItrraH 7>l 2 

5 = ^ + 2E^ + EV + E^- 1 )^ d #^ 

i=i 0i i=i °* i=i 0i 

, V^Y^/ ; 0B(grad B &i,grad B 6j) , _ w , , . <^ , . , . 

+ LL^ ^ J - + (l-n)ir(P) + (n-l) ^ £ jr g(V e^P, E r jr ). (2.6) 

1=1 j^i % 3 j r = l 



3 Special multiply warped products with a semi- symmetric 
non-metric connection 

Let M = I x^ F\ Xft 2 F2 ■ ■ ■ Xb m F m be a multiply warped product with the metric 
tensor — dt 2 © b\gF 1 © • • • © b 2 n gF m and / is an open interval in R and bi G C°°(I). 

Theorem 3.1 Let M = I x^ F\ Xj, 2 -P2 ■ ■ ■ x fe m ^ e a multiply warped product with 
the metric tensor —dt 2 © 5f<7_F\ © ■ ■ ■ © b 2 m gF m and P = ■§[■ Then (M, V) is Einstein 
with the Einstein constant A if and only if the following conditions are satisfied for 
any i G {1, • • • , m} 

(1) (Fi,V Ft ) is Einstein with the Einstein constant Aj, i G {1, • • • , m}. 

(2) Er=i^(i-|)=A. 
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(3)A, - hb'l - (l t - 1)6? - bi b> £^ Ijv; ■ l>7 ET=i h h i = A6?. 
Proof. By Proposition 2.6, we have 



Ric 



d_ d_ 

dt 1 dt 



— EM»- 



1=1 



6" 



Ric(|,v)=Ric(^|--0: 



(3.1) 



(3.2) 



Ric ( V, W) = Ric Fi {V, W)+g Fi (V, W) 



b'- m b'- 
-hb'l - (k - 1)6? - 6,6', Y, hi + bl £ 



i=i 



By (3.1)-(3.3) and the Einstein condition, we get the above theorem. □ 



(3.3) 



Definition 3.2 (M, V) is called pseudo-Einstein with the Einstein constant A if 
±[ME{X,Y) +mc(Y,X)] = Xg(X,Y). 

Theorem 3.3 Let M = I F\ Xf, 2 i*2 ■ ■ ■ x& m F m be a multiply warped product with 
the metric tensor -dt 2 © bfg Fl © • • • © b 2 n g Fm and P € T(TF r ) and n > 2. T/ten 
(M, V) is pseudo-Einstein with the Einstein constant A i/ and only if the following 
conditions are satisfied for any i € {1, ■ ■ ■ , m} 

(1) (Fj, V^ 1 ) (i 7^ r) is Einstein with the Einstein constant A,, i € {1, • • • , m}. 

(2) -Er=i^ = A. 

(3) Ric^(V, W) - g Fi (V, W) [hb'l + (k - 1)6? + b t b\ £ . #i l 3 % + A&( 

= (n - 1) [7r(F)7r(W) - gW^vP)+g(v,v w P) l j /or ^ ^ £ T(TF r ), r = i. 



(4)A, - - (Zi - 1)6? - 6,6', £ hf. ~ A&? = 0, for i ? 
Proof. By Proposition 2.8, then , 



r. 



( d d \ ^ Iff 



So we have = -A- 



(3.4) 



Ric(V, W) = Ric Fi (y, W) + b 2 g Fi (V, W) 



h" h' 2 —b'b' 



+(n- l)[g(W,V v P) - ir(V)ir(W)]. 



(3.5) 
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When i / r, then VyP = V W P = n{V) = 0, so 



Ric(V, W) = Ric Fl ( V, W)+tfg Fi (V, W) 



m 



h" —h' 2 



Xb 2 g Fi (V,W). 
(3.6) 



By variables separation, we have (Fi,V Ft ) (i / r) is Einstein with the Einstein 
constant Aj and 

\ - bibff - hb\ J2hr~ & ~ l ) b ? = Xb l ( 3 - 7 ) 

When i = r, then 



mc F *(V,W) -g Fi (V,W) 



bib'l + ik-^bf + bib^hi + ^i 



(n-1) 



n(V)ir(W) 



g(W,V v P)+g(V,VwP) 



So we prove the above theorem. □ 



(3.8) 



When M = I Fi Xb 2 F2 ■ ■ ■ Xb m F m be a multiply warped product and P = J^, 
by Proposition 2.10, we have 

m ull rn qF . m m ,,2 m h' h' m h' 



i=i 



i=i 



i=l i=l 



The following result just follows from the method of separation of variables and the 
fact that each S Fi is function defined on Pj. 

Proposition 3.4 Let M = Ix^F\ x^i^ ■ ■ ■ Xj m F m 6e a multiply warped product and 
P = ■§£■ If (M,V) has constant scalar curvature S, then each (Fi,V Ft ) has constant 
scalar curvature S Fi . 



When P £ T(TF r ), by Proposition 2.11, we have 

-A 

b? 



b» ^s Fi ^ -b? ^^_-b'M 



* = - 2 E ^+E V + E ^ft-!)^+E E w. 

i=l 1 i=l * i=l * i=l j'^j 



I J 



+7r(P)(l-n)+(n-l)div Fr P. 

(3.10) 



Proposition 3.5 Lei M = 7 x 6l Pj x^ 2 P2 ■ ■ ■ Xfe m Pm &e a multiply warped product and 
P £ r(TP r ). if (M, V) /ias constant scalar curvature S, then each (Fi,X7 Fi ) (i ^ r) 
has constant scalar curvature S Fi and if g Fr (P, P) and div Fr P are constants, then 
S Fr is also a constant. 
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4 Generalized Robertson- Walker spacetimes with a semi- 
symmetric non-metric connection 

In this section, we study M = I x F with the metric tensor — dt 2 + f(t) 2 gp. As a 
corollary of Theorem 3.1, we obtain: 

Corollary 4.1 Let M = I x F with the metric tensor —dt 2 + f(t) 2 gF and P = J^. 
Then (M, V) is Einstein with the Einstein constant X if and only if the following 
conditions are satisfied 

(1) (F,V F ) is Einstein with the Einstein constant Xp. 

(2) /" = (1 - j)f. 

(3) X F + (1 - l)f' 2 + (| - 1 - X)f 2 + Iff = 0. 

By Corollary 4.1 (2) and elementary methods for ordinary differential equations, 
we get 



Case i) A < I, then / = ge at + c 2 e at , where a 
then 



1 - j. By Corollary 4.1 (3), 



Xp + 2cic 2 



y-l-A+(Z-l)a 2 



+ c 2 e 2at 



(l-/)a 2 + (y-l-A) + /a 



+c 2 e~ 2at 



(l-l)a 2 + (j-l-X)-la 



So 



Xp + 2cic 2 
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j-l-X + (l-l)a 2 



X 



1 

= 0. 

0; 



(1 — l)a + {- — 1 — X) + la 
(l-l)a 2 + (y-l-A)-/a 



0; 



= 0. 



(4.1) 

(4.2i) 
(4.2m) 
(4.2m) 



When ci 7^ 0, c 2 7^ 0, by (4.2ii) and (4.2iii), then la = 0, this is a contradiction. When 

g = and c 2 / 0, by (4.2iii), (l-Z)a 2 + (f-l-A) = /a. By a = \Jl- j, then a = -1, 

this is a contradiction. When Ci / and c 2 = 0, by (4.2ii), (1 — /)a 2 + (y — 1 — A) = —/a, 
then a = 1 and A = 0. By (4.2i), X F = 0. So we get A^ = A = 0, / = ge l . 

Case ii)A > I, f = gcos(bt) + c 2 sin(6t), where b = ^ j — 1. By Corollary 4.1 (3), we 
have 

A F + (1 - /)(-ci6sin(6t) + c 2 bcos(bt)) 2 + (y - 1 - A)(ciCOs(6i) + c 2 sin(6i)) 2 



+/(ciCOs(6t) + c 2 sin(6t))(— ci6sin(6t) + c 2 6cos(6t)) = 0. 



(4.3) 
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So 

(1 - l)c\b 2 + (y - 1 - A)c^ - lc lC2 b = -X F ; (4.3s) 

(1 - 0c!& 2 + ( j - 1 - A)c? + lcic 2 b = -X F ; (4.3m) 

-2(1 - l)c x c 2 b 2 + 2cic 2 (y - 1 - A) + l(-c\ + c|)6 = 0. (4.3m) 
By (4.3i) and (4.3ii) and b 2 = f - 1, we get 

(c\ - c 2 2 ) - 2lcic 2 b = 0, 4-4 = 2cic 2 b. (4.4) 



(l-/)6 2 -(^-l-A) 



By (4.4) and (4.3iii), we have c\c 2 = 0, then c\ = c 2 = 0. This is a contradiction. 
Case iii) A = I and f = c\ + c 2 t, by Corollary 4.1 (3), we get 

X F + (1 - Oc 2 ; + (y - 1 - A)(ci + c 2 t) 2 + l(d + c 2 t)c 2 = 0. (4.5) 

Then 

(y - 1 - X)4 = 0; (4.K) 

2(y - 1 - A)cic 2 + Zc 2 . = 0; (4.6m) 

\ F + (1 - Z)c! + (y - 1 - A)c 2 + /cic 2 = 0. (4.6m) 

By A = I and (4.6i), then c 2 = 0. By (4.6iii), then c x = yf^f. So we get A = I, f = y^. 
We get the following theorem. 

Theorem 4.2 Let M = I x F with the metric tensor —dt 2 + f(t) 2 g F and P = 
and dimF > 1. Then (M, V) is Einstein with the Einstein constant A i/ and onZy if 
(F,V F ) is Einstein with the Einstein constant X F and one of the following conditions 

holds 1)\ F = \ = 0, f = cie* 2)X = l,f=-^ 

By (3.9) and Proposition 3.4, we have 

Corollary 4.3 Let M = L x F with the metric tensor —dt 2 + f(t) 2 g F and P = J^. 
7/ (M, V) /jas constant scalar curvature S if and only if (F, V F ) has constant scalar 
curvature S and 



oF fit f/2 fl 



10 



In (4.7), we make the change of variable f(t) = y/v(t) and have the following 
equation 



Theorem 4.4 Let M = I x F with the metric tensor —dt 2 + f(t) 2 gF and P = J| and 
dimF = 1 = 3. If (M, V) has constant scalar curvature S if and only if (F, V ) has 
constant scalar curvature S F and 

3, /2S 4^5 3 /25 4l? 

(1) S < g and S + 3, „(t) = Cl e^^* + c 2 e^^ + g. 

(2) S=U, V {t) = c 1 e^ + c 2 tel t + f-. 



(3) 5 > g, t;(t) = c ie !*cos ( Vlplt ] + C2e !* sin f VIp5 t ) + |f_. 



F . 3 , 



(4) S = 3, v{t) = ci - 2f-t + c 2 e^ 
Proof. If Z = 3, then we have a simple differential equation 

v'it) - \v'(t) + (| - l)n(i) - ^ = 0. (4.9) 

If 5 7^ 3, we putting h(t) = {f-l)v(t)-^, it follows that h"(t)-%ti(t)+(§-l)h(t) = 
0. The above solutions (l)-(3) follow directly from elementary methods for ordinary 
differential equations. When S = 3, then v"(t) — |f'(t) — = 0, we get the solution 
(4).D 

Theorem 4.5 Lei M = I x F with the metric tensor —dt 2 + f(t) 2 gF and P = and 

dimF = / / 3 and S F = 0. Lei A = £ + a+1) f~ 5) . // (M, V) aas constant sca/ar 
curvature S if and only if 

4 

(2) 5 = ^ + /, n(t) = ( Cl ei* + C2 tei*)^. 

(3) S > ^ + I, v(t) = (dei'cos (^tj + c 2 e3*sin (^t)) ^ • 
Proof. In this case, the equation (4.8) is changed into the simpler form 

v"(t) l-3v'(t) 2 lv'(t) l-S 

v{t) + 4 v{t) 2 2v{t) I 1 J 

Putting v(t) = w^t) 1 ^ 1 , then w(t) satisfies the equation w" — \w' + ^J^ w = 0, 
by the elementary methods for ordinary differential equations, we prove the above 
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theorem. □ 

4 

When dimF = I ^ 3 and S F / 0, putting v(t) = wit) 7 ^ , then w(t) satisfies the 
equation 

„ I , (1 + 1) (5-0 (Z + 1)S F n 

w w+- — - — -w-- — io '+i=0. (4.11) 

2 A I A I 

5 Generalized Kasner spacetimes with a semi-symmetric 
non-metric connection 

In this section, we consider the scalar and Ricci curvature of generalized Kasner 
spacetimes with a semi-symmetric non-metric connection. We recall the definition of 
generalized Kasner spacetimes ([DU]). 

Definition 5.1 A generalized Kasner spacetime (M,g) is a Lorentzian multiply 
warped product of the form M = I x^pi F\ x • • • x with the metric g = 

—dt 2 © <p 2pi gF 1 © • • • © 4> 2pm 9F m , where <j) : I — > (0, oo) is smooth and pi G M, for any 
i G {1, • • • , m} and also / = (ii, £2)- 

We introduce the following parameters Q = Y^=i kPi an d rj = YllLi hpf f° r gen- 
eralized Kasner spacetimes. By Theorem 3.1 and direct computations, we get 

Proposition 5.2 Let M = I x^pi F\ x • • • x^m F m be a generalized Kasner spacetime 
and P = §f- Then (M, V) is Einstein with the Einstein constant A if and only if the 
following conditions are satisfied for any i G {1, ■ ■ ■ , m} 

(1) (Fi, V Fi ) is Einstein with the Einstein constant \, i G {1, ■ ■ ■ , m}. 

(2) (i7-C)£ + C(f)+A-££i*i = <>. 

(3) ^-Pi£-(C-l)ft£ + C£ = A. 
By (3.9) we obtain 

Proposition 5.3 Let M = I x^, P1 F\ x • • • x^pm F m be a generalized Kasner spacetime 
and P = §i- Then (M, V) has constant scalar curvature S if and only if each (Fj , ) 
has constant scalar curvature S Ft and 

5 = E^- 2 C^-(^ + C 2 -2C)^ + (n-l)C^ + (W-l). (5.1) 

Nextly, we first give a classification of four-dimensional generalized Kasner space- 
times with a semi-symmetric non-metric connection and then consider Ricci tensors 
and scalar curvatures of them. 

Definition 5.4 Let M = I x bl F\ x • • • x bm F m with the metric g = -dt 2 © b\gF 1 © 
■■■®b 2 m g Fm . 
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• (M, 3) is said to be of Type (I) if m = 1 and dim(F) = 3. 

• (M, g) is said to be of Type (II) if m = 2 and dim(Fi) = 1 and dim(F 2 ) = 2. 

• (M,g) is said to be of Type (III) if m = 3 and dim(Fi) = 1, dim(F 2 ) = 1 and 
dim(F 3 ) = 1. 

By Theorem 4.2 and 4.4, we have given a classification of Type (I) Einstein spaces 
and Type (I) spaces with the constant scalar curvature. 

• Classification of Einstein Type (II) generalized Kasner space-times with 
a semi-symmetric non-metric connection 

Let M = I x^pi F\ x^p 2 Fi be an Einstein type (II) generalized Kasner spacetime 
and P = Then C = Pi + %P2, f) = Pi + ^p\- By Proposition 5.2 , we have 

(^-0^ + C(^)+A-3 = 0; (5.2^ 

-Pif "(C-l)Pi^ + C^ = A; (5.2n) 
" 2 P2^-(C-1)P2^ + C^ = A. (5.2m) 



02P2 *"< ^ $1 

where A 2 is a constant. Consider following two cases: 

Case i) ( = 

In this case, p 2 = — \pi, V = \p\- Then by (5.2), we have 



VlT + A - 3 = 0, (5.3z) 



4> <P' 



pi( — — + —j ] = A, (5.3m) 



~ f~"T" + "TJ" ) = A, (5.3m) 



</>-pi 2^ V <A 2 

Case i a) r/ = 0, then = 0, by (5.3i), A = 3. By (5.3ii), A = 0, this is a 
contradiction. 

Case i b) r/ / 0, then p, L / 0. 
Case i b)l) A 2 = 

by (5.3ii) and (5.3iii), A = and 

6" 6' 2 6' 2 3 

± At 

then = coe V >» which satisfies the first equation in (5.4), so we get 



±,/-t 

C = 0, r/ / 0, A = Ai? = 0, = coe 
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Case i b)2) A 2 j= 

by (5.3ii) and (5.3iii), we have ^fj- = |A, so <f> is a constant. By (5.3ii), A = 0, so 
A2 = 0, this is a contradiction. 



Case ii) (^0 , 

then 77 7^ 0. Putting </> = then + ^ X ^ v ip = 0. Hence, 



(3-A)^7 t J (3-X)r, t 



(1) A < 3, V = cieV c + C2e 

(2) A = 3, V = ci + C2t, 

(3) A > 3, V = Cl cos (yft^t) + c 2 sin (^^^t) . 
We make (5.2) into 



C 2 

C 0C + 0C 



Y>" + ^rf^ = 0; (5.50 



A; (5.5m) 



A: MH' + iW =y (5 . 5iij) 



Cp2 ( (j)< 

When pi = p2, the type (II) spaces turns into type (I) spaces, so we assume p\ / p 2 . 
By (5.5ii) and (5.5iii), then 

(P2-pi)C 2 C 2 



Case ii)(l) A < 3, ip = Cl e at + c 2 e~ at , where a = y/ £=*}2. 
By (5.6), 

a Cl e a * - ac 2 e- a * = _Pl^_( Cl e at + c^*) 1 "^ + ^( Cl e at + c 2 e- at ). (5.7) 



Case ii)(l)(a) ci = , 

then 



Ar? 



Case ii)(l)(a)l) piA 2 / 

then p 2 = and £ = Pi, V = Pi an d V' = c 2 e _at . By (5.5ii), we get —a 2 — a = A and 
— \/3 — A = 3, this is a contradiction. 
Case ii)(l)(a)2) piA 2 = 

If pi = , then C = 2p 2 , 77 = 2p|. By (5.8), a = -| and <ffi = c 2 e~ 2at . By (5.5iii), 
then 

c'e c 

so A 2 = and —2a 2 — 2a = A. By a = — ^, then A = and a = 0, this is a contradic- 
tion. 
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If A 2 = 0, pi £ , by (5.5ii) and a = and 
this is a contradiction. 



c e v , then A = and a = 0, 



Case ii)(l)(b) c 2 = , 

then 



a — 



At/ 



at 



(P2 -P1)C 2 



(cie at Y 



(5.10) 



Case ii)(l)(b)l) piA 2 ^0, 

then p2 = and £ = Pi, ?7 = Pi and \/3 — A — A = — A 2 . By (5.5ii), we get 
—a 2 + a = A and A = —6, so A 2 = —9. In this case, (5.2iii) holds, so we get 

3t 

P2 = 0, Pi 7: 0, A = -6, A 2 = -9, = gig < ■ 
Case ii)(l)(b)2) piAa = 0, 

if gi = , then ( = 2p 2 , V = 2 p| and -0 = c x e at and a = ^ = |. By (5.5iii), 

A 2 



^ _ 2a z + 2a = A, 
c'e c 



(5.11) 



so A 2 = and —2a 2 + 2a = A, then A = a = 0, this is a contradiction. If A 2 = , by 
(5.5ii), then A = a = 0, this is a contradiction. 



Case ii)(l)(c) gi / 0, c 2 / 0, 



If P2 / 0, then e at , e at , [c\e at + c 2 e a ') 1 * are linear independent, by (5.7), then 



2 P2 ( 



a — 



At/ 



ci = 0, 



—a — 



At/ 



c 2 = 0, 



P1X2V 



(P2 -Pl)C 2 



0. 



So a = 0, this is a contradiction. 
If p 2 = , then by (5.7), 

At? piA 2 ?7 
a -77 — 



C 2 (P2"Pl)C 2 

so a = and we get a contradiction. 

Case ii)(2) A = 3, tp = c i + c 2t, 
by (5.6), we have 



At/ piA 2 T/ 
0, - a - -5- - 



C 2 (P2-P1X 2 



0, 



C2 



P1X2V 



( i_M 3t/ ( 



^(ci + c^) 1 +_( Cl +C2*). 
(P2-Pl)C 2 



(5.12) 



(5.13) 



(5.14) 



Case ii)(2)a) c 2 / , 

so p 2 = 0. By (5.5iii), then <jfi = c e (_A2+A)t and ci + c 2 t = c e (_A2+A)t , this is a 
contradiction with c 2 7^ 0. 
Case ii)(2)b) c 2 = , 

then ?^ and are constants, by (5.5ii), then A = 0. This is a contradiction with A = 3. 
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Case ii)(3) A > 3, tp = cicos(at) + C2sin (at) , where a = y ^ ^ v ■ By (5.6), we 
have 

a(— cisin(ai) + C2Cos(ai)) = r— ^(cicos(at) + C2sin(ai)) i 

(P2 - Pi)C 



+^(cicos(at) + C2sin(at)). (5.15) 



1_ 2 P2C 

If P2 7^ 0, then sin (at), cos (at), (c±cos(at) + C2sin(ai)) i are linear indepdent, so 
— aci = ^tC2, ac2 = ^?ci and a = 0, this is a contradiction. If y»2 = 0, then 

Pihy . An Pl \ 2 ri An 
-aci = - r-^C2 + —K-C2] ac2 = ~, rp^ci + —rC\. (5.16) 

(p2-pi)C 2 C 2 fe-piR 2 C 2 

Then a = 0, this is a contradiction. By the above discussions, we get the following 
theorem: 

Theorem 5.5 Let M = I x^>i F\ x^> 2 i*2 &e a generalized Kasner spacetime and 
dimi 7 ! = 1, dimi^ = 2 and P = J^. T/ien (M, V) is Einstein with the Einstein 
constant A i/ and only i/ (F2 5 V^ 2 ) is Einstein with the Einstein constant A2, and one 
0/ tae following conditions is satisfied 



(1) C = 0, 77 / 0, A = Af = 0, = c e 

(2) p2 = 0, pi / 0, A = -6, A 2 = -9, = cieT 



»7 

3t 



• Type (II) generalized Kasner space-times with a semi-symmetric non- 
metric connection with constant scalar curvature 

By Proposition 5.3, then (F2, V^ 2 ) has constant scalar curvature S F2 and 

If C = , when n = , then Pl = p 2 = and 5 = g^ 2 + 3 . If n / , then 

,7/2 0F2 

If C / 0, putting 4> = ipv+c 2 f we get 

" rV'" + —^72^ + {-S + 3)V> + S 2 Y> ^ = 0. (5.19) 



77 + c « + c 

• Type (III) generalized Kasner space-times with a semi-symmetric non- 
metric connection with constant scalar curvature 
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By Proposition 5.3, then 

S = -2C^ - ( V + C 2 - 20^2 + 3Cj + 3. (5.20) 
If £ = r\ = 0, then pi = P2 = P3 = 0, we get S = 3. 

If C = 0, then [(ln^)'] 2 = — so when 5 > 3, there is no solutions, when 

— — _[_ / -S+3 f 

£ = 3, cj) is a constant and when S < 3, <p = c$e V »? 
If C 7^ 0, then r? / 0, putting = ip~n+c 7 , then 

Let A = § - So we get 

(1) 5 < + 3, V = c ie ^^' + c 2 e^^', 

(2) 5 = 47^ + 3, V = cief* + c 2 tel', 

(3) S > 4{ ^ C 2 } +3, V = cief *cos (^f^) +c 2 et*sin (^5^) • So we get the following 
theorem 

Theorem 5.6 Let M = I x^pi F\ x<p 2 F2 x<pP3 F3 6e a generalized Kasner spacetime 
and dimFi = dimi 7 ^ = dimi 7 ^ = 1, and P = J^. T/ien S is a constant if and only if 
one of the following case holds 

(1) C = r? = 0, 5 = 3. _ 

(2) C = 0, 7] ^ 0, w/ien S* > 3, i/iere is no solutions, when S = 3, is a constant and 



when S < 3, (f> = c$e 



± 



/ 1=1 
V — ~ 



(3) IfC/0 



(3a) 5 < +3, <P= Ue—s-* + c 2 e^M 

(3b) S = + 3, <p = (del* + catei*) ^ , 

(3c) S > jtJ^ + 3, <f> = ( Cl ef*cos (^t) + c 2 e?*sin (^*)) 



2C 
»7 + C 2 



• Einstein Type (III) generalized Kasner space-times with a semi-symmetric 
non-metric connection 

By Proposition 5.2, we have 

C(%V(^-C)C + A-3 = 0, (5.220 



-Pi 



k" All 1 Al 



+ C-r = A, (5.22m) 
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~P2 



~P3 



k'2l 



k'2 



+ (C-i) 



<p 2 



+ c- 



(5.22m) 
(5.22ro) 



If C = V = 0, by (5.22i), A = 3, by (4.50ii), A = 0, this is a contradiction. 

If C = 0, 7? f 0, plusing (5.22ii),(5.22iii),(5.22iv), we get A = 0. By (5.22i), C = 



± 



and = coe 



0, C = 0, rj ^ 0, 



which satisfies (5.22ii), (5.22iii) and (5.22iv), so we obtain 



coe 



When ( / 0, if p\ = p2 = Pz, we get type (I), so we may let p\ / p2- By (5.22ii) and 



(5.22iii), we have 



— 



A and 



M> c )" 



0, so (ffi = ci + C2t and C2 = A(ci + C2i), then 



Ac2 = 0. When C2 = 0, then A = and ^ is a constant, so by (5.22i), then A = 3 
which is a contradiction. When A = 0, then C2 = which is also a contradiction. We 
get the following theorem. 

Theorem 5.7 Let M = I x^vi F\ x^> 2 i*2 x ^3 ^3 be a generalized Kasner space- 
time for pi ^ pj for some i,j G {1,2,3} and dimF\ = dimi 7 ^ = dimi 7 ^ = 1, 
and P = lb ■ Then (M, V) is Einstein with the Einstein constant A if and only if 



df 



A = 0, C = 0, ry/O, 



coe 



6 Curvature of multiply twisted products with an affine 
connection with a zero torsion 

Let V is the Levi-Civita connection of M, we define 

V X Y = V X Y + tt(X)Y + tt(Y)X, (6.1) 

which has no torsion. Let R and R be the curvature tensors of V and V respectively. 
Then R and R are related by 

R{X, Y)Z = R(X, Y)Z + X{tt{Y))Z - Y(tt(X))Z 

+g(Z,V x P)Y - g(Z,V Y P)X + 7t(Z)[tt(Y)X - ir(X)Y] - n([X,Y])Z 

= R(X, Y)Z + X(it(Y))Z - Y(ir(X))Z - ir([X, Y])Z, (6.2) 
for any vector fields X, Y, Z on M. By (6.1) and Proposition 2.2 in [Wa], we have 

Proposition 6.1 Let M = B F\ Xh 2 F2 ■ ■ ■ *b m Fm be a multiply twisted prod- 
uct and let X, Y G F(TB) and U G r(TF^, W G T(TFj) and P G F(TB) . Then 

(1) VxY = V x Y. 

(2) V x U=[^+7r(X)]U. 
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(3) V u X = [^l + 7r(X)}U. 

(4) V V W = ifi^j. 

(5) VuW = U(\nb i )W+WOnb i )U- 9Fi ^ W) gcad Fi b i -b i g Fi (U, W)gvad B b l +V^W if i = 
3- 

Proposition 6.2 Let M = B F\ Xf, 2 F2 ■ ■ ■ x& m F m be a multiply twisted product 
and let X,Y G T(TB) and U G T{TFi), W G T(TFj) and P G T(TF k ) . Then 

(1) VxY = V^Y. 

(2) Vx^= ^U + g(P,U)X. 

(3) V[/X = ^C/ + 5 (P,C/)X 

(4) Vt/W = tt{W)U + vr(?7)VF ifi^j. 

(5) Vc/W = t7(lnfr ) W + (lnfr) £/ - ili^l gr a d Ft fe t - b i9Fi ( 17, gr ad B b t + VgW + 
tt(W)U + it(U)W if i = j. 

By (6.2) and Proposition 2.4 and 2.5, we have 

Proposition 6.3 Let M = Bx bl F\ x^i^ ■ ■ 

• Xb m F m be a multiply twisted product and 
let X,Y,Z G r(T5) and V G r(TPj), G T(TFj), U G F(TF k ) and P G r(T5). 
T/ien 

(1) fl(A",y)Z = R B (X,Y)Z, 

(2) R(X,Y)V = X(ir(Y))V - Y(tt(X))V_- tt([X, Y])V, 
and for other components, R equals to R. 

Proposition 6.4 Let M = B x^ F\ Xj, 2 F2 ■ ■ ■ Xb m F m be a multiply twisted product and 
let X,Y,Z G T(TB) and V G T(TF-), W G T(TFj), U G T{TF k ) and P G r(TF,). 
Then 

{l)R{V, W)X = R(V, W)X + V(tt(W))X - W(tt(V))X - tt([V, W])X. 

(2) R(U, V)W = U(tt(V))W - V(tt(U))W - n([U, V])W if i = k ^ j . 

(3) R(U,V)W = g(U,W)gr&d B (V(\nbi)) - g(V,W)grad B (U(\nbi)) + R F *{U,V)W - 

|grad | fe ^ (g(V,W)U - g(U,W)V) + g{W,V v P)V - g{W,V v P)U + 7t(W)[tt(V)U - 

7r{U)V] + U{tt{V))W - V{it{U))W - irip, V])W if i = j = k = I, 
and for other components, R equals to R. 

By Proposition 6.3 and 6.4, we have 

Proposition 6.5 Let M = B x bl F\ x& 2 F2 ■ ■ ■ x& m F m be a multiply twisted product 
and P G T(TB). Then Ric = Ric. 

Remark. By Proposition 6.5, then we can get the same conclusions for V and V. 

Proposition 6.6 Let M = B x^ F\ Xb 2 F2 ■ ■ ■ x& m F m be a multiply twisted product 
and P G T(TF r ). Then 
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Ric(V, W) = Ric(V, W) + £ e jr g(V(7r(E r jr ))W - E r jr (ir(V))W - tt([V, E r Jr ])W, E r jr ), 

j r =l 

_ _ (6.3) 
for V, W € T(TF r ). For other components, Ric = Ric. 
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